Introduction
The multiple zeta value (MZV for short) is defined by the multiple series ζ(k 1 , . . . , k n ) := where k 1 , . . . , k n ∈ Z ≥1 with k n ≥ 2 (Euler [2] , Hoffman [4] , Zagier [14] ; see also [1] , [7] , [8] ). Various relations among MZVs are known. In particular, the sum formula for MZVs is one of the the well-known Q-linear relations among MZVs. The general case of the sum formula for MZVs was first proved by A. Granville [3] and D. Zagier, independently (see also Euler [2] , Hoffman [4] , Hoffman and Moen [5] , Markett [9] ). The alternative proofs and the generalizations of the sum formula for MZVs can be found in, e.g., [1] , [6] , [7] , [10] , [11] , [12] .
In the present paper, we prove the following generalizations of the sum formula for MZVs:
holds for any integers m, n≥ 1 and all α, β ∈ C with Re α > 0, Re β > 0, where (a) m denotes the Pochhammer symbol defined by
Taking α = β in Proposition 1, we can get the following identity:
Corollary 2. The identity
holds for any integers k, n such that 0 < n < k and all α ∈ C with Re α > 0, where (a) m denotes the Pochhammer symbol and ζ(s; α) :
is the Hurwitz zeta function.
For the properties of the Hurwitz zeta function, see, e.g., [13] . Taking α = 1 in Corollary 2, we can get the sum formula for MZVs.
Proposition 3. The identity
holds for any integers k, n such that 0 < n < k and all α ∈ C with Re α > 0, where (a) l denotes the Pochhammer symbol and ζ(s 1 , . . . , s n ; α) :=
is the multiple Hurwitz zeta function.
Taking α = 1 in Proposition 3, we can get the sum formula for MZVs. In order to prove Propositions 1 and 3, we use the method of proving the sum formula for MZVs of Hiroyuki Ochiai. Though Ochiai's proof of the sum formula for MZVs is unpublished, it can be found in [1, pp. 17-20] and [7, pp. 60-61].
Proofs of Propositions 1 and 3
In the present section, we prove Propositions 1 and 3 by using the method of proving the sum formula for MZVs of Hiroyuki Ochiai (see [1, pp. 17-20] and [7, pp. 60-61] ).
Proof of Proposition 1. Let α and β be complex numbers with positive real parts, and let n be a positive integer. By using the well-known formula
for a, b ∈ C with Re a > 0, Re b > 0, we can calculate the generating function of the series on the left-hand side of the identity (1) as follows:
for all X ∈ C such that |X| < Re β. Applying the change of variables
(see Zagier [14, p. 510] ), to the above multiple integral, we get the identity
for all X ∈ C such that |X| < Re β. Further, the multiple integral on the right-hand side of the identity (4) can be calculated as follows:
for all X ∈ C such that |X| < Re β. By combining this result and the identities (3) and (4), the generating functions of both sides of the identity (1) coincide. This completes the proof of Proposition 1.
Proof of Proposition 3. Let α be a complex number with positive real part, and let n be a positive integer. By the same calculation as in the proof of Proposition 1, we can get the following multiple integral representation of the generating function of the sums on the left-hand side of the identity (2):
for all X ∈ C such that |X| < Re α. Applying the change of variables
for all X ∈ C such that |X| < Re α. Further, by the same calculation as in the proof of Proposition 1, the multiple integral on the right-hand side of the identity (6) can be expressed as
for all X ∈ C such that |X| < Re α. By using the expansion
the series on the right-hand side of the identity (7) can be written as
for all X ∈ C such that |X| < Re α. We note that the double series on the right-hand side of the identity (8) converges absolutely for X ∈ C such that |X| < r, where r is a fixed real number such that 0 < r < Re α/2. (In my master's thesis, to prove the absolute convergence of the above double series, I imposed the condition |X| < Re α/2 instead of the condition |X| < r, (0 < r < Re α/2). I think that the condition |X| < Re α/2 is incorrect.) Therefore, we get the identity
for all X ∈ C such that |X| < r. By combining this identity and the identities (5) and (6), the generating functions of both sides of the identity (2) coincide. This completes the proof of Proposition 3. For multiple series similar to those in Proposition 1 and Corollary 2, see also the paper arXiv:0908.2536v7.
